In time-harmonic acoustic fields, energy streamlines are defined as the integral curves of the power-flux density vector, averaged over a period.
I. INTRODUCTION
It is well known that the analysis of the energy streamlines of time-harmonic acoustic fields in fluids provides a method for displaying the properties of a given solution to the Helmholtz equation for the excess pressure 20, 28 . An acoustic energy streamline is defined as a curve which is tangent at every point to the (time-averaged) vector of power-flux density s, at that point. Unlike rays, energy streamlines do not represent alternative solutions or approximations to acoustic fields in a quiescent inviscid fluid. Rather, the acoustic field must be evaluated by solving the Helmholtz equation, before the corresponding power-flux density vector is determined and the related streamlines are traced as solutions to a system of ordinary differential equations 11, 20 .
Energy streamlines may be regarded as the paths along which energy is propagated by the acoustic field. Although complicated in some cases 28 , these paths have been found of considerable interest from several viewpoints. They can give evidence to the involved details of energy flow in wave fields 14 (even in the case of discontinuous material parameters 11, 21 ), and may provide great practical advantages through applications in various problems of noise control in engineering 29 .
Two recent papers 4, 5 have given evidence to the role of energy streamlines in qualitative inverse scattering problems aiming at the determination of the unknown domain of an inhomogeneity immersed in a homogeneous and lossless background. In this case, the power-flux density vector s of the scattered field is divergence free, i.e.,
which implies a vanishing power flux across any closed surface formed by a tube of energy streamlines and two (non-intersecting) sections. Since the vector s is tangent to the walls of the streamline tube, there is no energy flow across the tube. Hence the power flux across the sections is conserved, as a direct manifestation of energy conservation 20 . If the flow tube a) Electronic address: aramini@dima.unige.it begins at the obstacle and goes to infinity, we can follow in detail the process of energy propagation by considering sections at increasing distance from the obstacle. Conversely, we can recover the flux at the boundary of the obstacle from the measured flux at infinity.
This property is crucial for the interpretation of qualitative inverse scattering.
The linear sampling method 9 (LSM) is the most studied qualitative approach to inverse scattering. For scalar and time-harmonic fields, the LSM is based on the far-field equation
where Ω = {x ∈ R 3 : |x| = 1}, u However, this same theorem is able to neither give a physical motivation of this behavior, nor explain the origin of the far-field equation in terms of fundamental theoretical description of the propagation and scattering processes. On the other hand, it has been proved for three-dimensional acoustic 4 and two-dimensional electromagnetic scattering 5 that a physical interpretation of the LSM is possible by establishing a link between the performance of the method and the conservation of energy through streamline tubes. In other terms, according to this mathematical physics viewpoint, the far-field equation can be interpreted as an energetic constraint on power fluxes associated with specific fields in the scattering process.
The aim of this paper is to formulate this same interpretation in the case of elastic scattering. As a first step, in section II we will review the connection between LSM and energy streamlines in the case of acoustic scattering. Then, in Section III, we will show that this link also holds in the case of (vector) solutions of the stationary Navier equation for waves in solids. Moreover, natural extensions and improvements of the LSM are proposed, suggested by this physical interpretation.
II. THE LSM IN ACOUSTIC INVERSE SCATTERING
Consider a three-dimensional (penetrable or impenetrable) scatterer occupying the open, C 2 -domain D of boundary ∂D with outward unit normal n. The obstacle is surrounded by a homogeneous, inviscid fluid at rest, of constant density ρ and sound speed c > 0. The LSM aims at determining, i.e., visualizing, the domain D through measurements of the scattered fields (far-field patterns) generated when incident time-harmonic plane waves hit the obstacle.
Denote by x the position vector in a suitable Cartesian orthogonal coordinate system and omit the harmonic factor e −iωt , where ω is the constant angular frequency. The wavenumber in the background is then given by k = ω/c, and the total acoustic pressure p = p(x) satisfies the Helmholtz equation
while the velocity v is given in terms of p by v = ∇p/(iωρ).
Any pressure field p s scattered by the obstacle and satisfying the Sommerfeld radiation condition may be represented as
where
denotes the fundamental solution generated by a unit source placed at z: in other words, Φ(·; z) is a radiating solution of the Helmholtz equation in R 3 \{z}. Equation (4) shows that the scattered field is determined by its values and those of the related normal derivative at the surface ∂D of the obstacle. An analysis of the asymptotic properties of the scattered field by means of the integral representation (4) shows that which is defined over Ω × Ω, is regarded as a given measured datum: note, in particular, that the unit sphere parameterizes both the observation and incidence directions.
Then, consider the equation at the basis of the LSM 9,18 , i.e., the so-called 'far-field
parameterized by the source point z of Φ and written for the unknown g z ∈ L 2 (Ω), where
In general, the FFE cannot be solved 5,6,9 for g z :
this reflects the fact that the FFE is not derived from physical laws (i.e., from the equations describing the wave propagation), but rather is imposed as a tool to compute an indicator function for the support of the scatterer, as we are going to see. Indeed, there always exist examples in various scattering conditions, can be found in several papers (see e.g. 8, 15, 16, 18 ).
However, owing to the lack of a physical justification for considering the FFE, it is unclear why such an algorithm should work at all [4] [5] [6] [7] . In order to address this issue, it has been shown in two recent papers 4,5 that the LSM is strictly related to the conservation of the energy transported by the scattered field. We are now going to describe a simplified proof of why the LSM works, as a consequence of energy propagation from the obstacle to infinity along streamlines. In the next section, a similar procedure is then shown to hold for scattering in isotropic solid backgrounds.
In general, the instantaneous acoustic power-flux density of an acoustic field is defined as the product ℜp ℜv, with the velocity v = ∇p/(iωρ). What we call the power-flux density vector s is the corresponding time-average (over a period), which is given by
Here superposed bars, ℜ and ℑ denote the complex conjugate, the real, and the imaginary part, respectively. The energy streamlines of p are defined as solutions to the Cauchy
where x 0 is a point of the surrounding medium. In the present framework, we consider the If σ is any piecewise smooth surface with unit normal n, then the integral and σ 2 (see Fig. 1 ), then conservation of energy provides
if the normals are properly oriented. Equation (12) (6) and (12) that
Thus, the asymptotic power flux of the scattered field is proportional to the squared L 2 -norm of the far-field pattern; in particular, it is positive. An equation of the form (13) Next consider the pressure field
associated with a solution of the approximate FFE (8) . The field p s,ϵ z is generated by the superposition of incident plane waves with weight g ϵ z , i.e., by taking as incident field 
and therefore Φ(x; z) diverges as x → z: in particular, Φ diverges if z ∈ D, z → z * ∈ ∂D, and x → z * . As a consequence, also p s,ϵ z (x) diverges as z, x → z * . Because of (14) and the
The stability of the back-propagation from the far-field to the near-field region has not been proved for generic scattering conditions, which means that the difference p 
because of (12) radius while the flux remains strictly positive because it equals the asymptotic flux of the flow tube formed by diverging streamlines. In view of (9), (11) and (14), this is only possible 
III. ENERGY STREAMLINES AND THE LSM IN A SOLID BACKGROUND
The previous qualitative approach to inverse scattering problems may be extended to the more general framework of an obstacle surrounded by a linear, homogeneous, isotropic, elastic solid matrix, where a limited number of analytical results are known and refer to rather special cases 2, 12, 13, 25, 26 . The solid matrix is characterized by Lamé constants λ and µ, and mass density ρ. It is assumed that the strong ellipticity conditions µ > 0 and λ+2 µ > 0 are satisfied, so that the medium propagates both longitudinal and transverse waves 24 .
The displacement of the particle x at the time t is denoted by u(x) e −i ω t and the time-harmonic factor is again omitted. A displacement field u s scattered by the obstacle obeys the (stationary) Navier equation
inside the solid background, in the absence of sources. Then the radiation condition implies that u s may be represented as 10,19,23
where x is external to D. Here G(x; y) is the fundamental solution defined by
where I is the identity matrix and 
The operator τ [·] evaluates the surface traction associated with the displacement inside square brackets. Accordingly we have Substitution of (19) into (18) provides the asymptotic expression of u s in the form
The vector u s p,∞ (x), which is defined by 
so that it is perpendicular tox. Thus the asymptotic expression of u s results from superposition of the "outgoing spherically symmetric waves" e i kp,s r /r. The p-component of u s is parallel to the ray of unit vectorx while the s-component is perpendicular. We conclude that the far-field pattern of the displacement vector u s is given by a pair, namely
We refer to u The asymptotic expression of the stress tensor T associated with u s is given by
For later reference, we consider the displacement G(x; z, q) identified by the unit force placed at the point z and acting in the direction of the unit vector q. To simplify the notation we superpose a˜to mean that dependence on the parameters z and q is omitted.
For example,G(x) stands for G(x; z, q). The corresponding asymptotic behavior is given
Therefore, the far-field pattern ofG(x) is represented by a pair,
] .
To introduce the energy streamlines of u s , consider the equation of motion (17) written in the form
Next take the scalar product withū s and subtract the equation which is obtained by interchanging u s andū s . The resulting equation takes the form
where the (real-valued) vector s is defined by
and v s = −i ω u s is the velocity. Accordingly, s is the mean value, over a period, of the instantaneous power-flux density vector 1,10,27 . Relation (23) is the same as (1), but, unlike the latter, it does not follow from the Helmholtz equation, thus showing that our approach, based on energy conservation along flow tubes, does not rely on this equation.
The integral curves of s are the energy streamlines of u s , and (12) holds for flow tubes, as in the case of acoustic waves. Moreover, comparison with the asymptotic expression (22) of the stress tensor T s leads to
where Ω is the unit sphere, as in the previous section. In words, the asymptotic value of the power flux is a (positive) linear superposition of the integrals over the unit sphere of the squared moduli of the parallel and the transverse far-field patterns of u s . It follows that
Next we consider the inverse scattering problem under the assumption that the far-field pattern is given. We follow the analogy with the previous application of the LSM in the case of acoustic waves in fluids.
As a first step we need a description of plane incident waves appropriate for the formulation of the far-field equation. Any incident harmonic plane wave propagating in the direction of the unit vector d may be regarded as a linear superposition of the three waves
This follows from the properties of harmonic plane wave solutions of the Navier equation If we denote by u s,j (x; d) the scattered field generated by the plane incident wave u i,j , j = 1, 2, 3, it follows from (21) that the corresponding far-field pattern is
We assume that the far-field pattern is given for allx, d ∈ Ω. The (vector) FFE for the unknown functions g j (d; z, q) =g j (d), j = 1, 2, 3, is the linear integral equation
Eq. (28) To discuss the physical content of the FFE (28), we consider the incident field defined as superposition of harmonic plane waves
The corresponding radiated displacement field generated by interaction with the obstacle is
with far-field pattern coinciding with the left-hand side of the FFE (28) . Hence, solving (28) corresponds to finding (a superposition of incident plane waves yielding) a radiative field with the same far-field pattern as the fundamental solution with source at the sampling point z and sampling force q.
Consider an ϵ-approximate solutiong
analogy with (8) , and define the displacementũ s,ϵ (x) according to (29) . The related far-field patternũ s,ϵ ∞ defined as in (27) has squared L 2 -norm given by
Henceforth a procedure analogous to that of the previous section applies and the argument based on invariance of the power flux through sections of flow tubes leads to the blowing up
A number of variants of this fundamental approach can be realized. For example, suppose that the incident fields are given in the form of plane harmonic parallel waves described (26)). Assume that the corresponding radial far-field patterns u
have been measured. Consider the 'radial component' of the FFE (28) , in the reduced form
for the unknowng 1 ∈ L 2 (Ω). The previous discussion then applies to the displacement field
for any ϵ-approximate solutiong ϵ 1 of (30), whence it follows that ∥g
is an indicator of the boundary of the obstacle.
To illustrate another possibility, suppose that the fields u s,j (x; d) are given for x ∈ S, where S is a closed surface surrounding ∂D. Consider an approximate solutiong ϵ (d) to the near-field equation 
IV. COMMENTS AND CONCLUSIONS
This paper provides a physical interpretation of the LSM in the case of isotropic solid matrices. The approach is inspired by (and in part borrowed from) an analogous one formulated to motivate the LSM in the case of 3D acoustic and 2D electromagnetic scattering.
Conservation of energy and the property of the energy flow lines, of carrying power from the obstacle to infinity, are at the basis of this application.
The required data are given in the form of far-field patterns determined by incident harmonic plane waves, parameterized by the direction of incidence. Conservation of energy across sections of flow tubes generated by energy streamlines shows that ϵ-approximate solutions to the FFE (28) in a solid matrix act as indicators of the boundary. The results have been proved under simplifying assumptions, but more complex situations could be discussed within this framework (e.g., the case of an inhomogeneous and lossy background for 2D electromagnetic scattering problems has been investigated according to the same guidelines 3 ).
This paper also suggests simplified variants of the general approach, whereby, e.g., only
longitudinal incident plane waves are considered in solids and the vector FFE is replaced by its radial projection. Alternatively, the near-field equation may be considered instead of the FFE. This shows the flexibility of the LSM.
Energy streamlines suggest a physical interpretation of the LSM for inverse scattering problems, but they are not explicitly involved in the algorithm for the determination of the domain of the scatterer. We hope that this gap can be overcome in future work. Our conjecture is that the intersection points of energy flow lines traced back from infinity are interior to the scatterer and hence provide a visualization of the interior of the unknown domain.
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